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1 Introduction

In a previous paper [4], we introduced indefinite zeta functions as Mellin transforms of
certain indefinite theta functions associated with the intermediate Siegel half-space HY,
defined below. In this paper, we obtain a formula for the values of such an indefinite
zeta function at s = 1 or s = 0, in the special case of dimension g = 2. Such formulas
are traditionally called Kronecker limit formulas, after Kronecker’s first and second limit
formulas giving the constant term in the Laurent expansion at s = 1 of standard and
twisted real analytic Eisenstein series.

When our parameters are specialised appropriately, our special value is a finite linear
combination of Hecke L-values at s = 1. Our formula may be used to compute values
of Hecke L-functions at s = 1 (resp. s = 0) relevant to the Stark conjectures, which we
discuss in Sect. 1.4.

For imaginary quadratic fields, Stark proved his conjectures using Kronecker’s first and
second limit formulas together with the theory of singular moduli [16]. The Kronecker
limit formulas give the constant Laurent series coefficient at s = 1 for families of Dirichlet
series continuously interpolating the ray class zeta functions ¢ (s, A)—namely, standard
and twisted real analytic Eisenstein series (see [15] for details).

Kronecker limit formulas applicable to real quadratic fields were developed by Hecke,
Herglotz, and Zagier (in analogy with the first Kronecker limit formula), and by Shintani
(in analogy with the second Kronecker limit formula). As in the imaginary quadratic
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case, these formulas are obtained by continuously interpolating between ray class zeta
functions using a larger family of functions. Hecke’s formula uses cycle integrals of real
analytic Eisenstein series, whereas the formulas of Herglotz [2] and Zagier [23] (see also
[1,7]) and the formulas of Shintani [12—14] use partial zeta functions defined by summing
over a cone. Analogues of the Kronecker limit formulas in other settings have been found
by Liu and Masri [5], Posingies [6], and Vlasenko and Zagier [22], among others.

The main theorem of this paper supplies a new real quadratic analogue of Kronecker’s
second limit formula based on a new interpolation between ray class zeta functions.
The interpolation is by the indefinite zeta functions introduced in [4], which are Mellin
transforms of nonholomorphic indefinite theta functions. Indefinite zeta functions have a
nice functional equation, but they do not have a Dirichlet series representation for general
parameters.

The main results on indefinite zeta functions—stated in Sect. 1.3—require a lot of nota-
tion, defined in Sects. 1.1 and 1.2. The proofs of the indefinite Kronecker limit formulas
are provided in Sect. 2.

1.1 Notational conventions and preliminaries
We list some notational conventions used in the paper.

+ e(z) := exp(2miz) is the complex exponential, and this notation is used for z € C not
necessarily real.

o Ifx is a real number, then {x} = x — |x] denotes the fractional part of x.

o H:={r :Im1 > 0} is the complex upper half-plane.

« Nontransposed vectors v € C¢ are always column vectors; the transpose v' is a row
vector.

o« If M isag x g matrix, then M is its transpose, and (when M is invertible) M~ is a
shorthand for (M _1)T,

o Qu(v) denotes the quadratic form Qus(v) := % TMv, where M is a g x g matrix, and
visag x 1 column vector.

. flc) ’Zicl :=f(c2) — f(c1), where f is any function taking values in an additive group.

e Ifv=(3}) € C? and f is a function on C?, we may write f(v) as f (v} ) rather than
7((1))-

+ We often express Q = iM + N where M, N are real g x g symmetric matrices; N and
M will always have real entries even when we do not say so explicitly.

We use complex logarithms throughout this paper. If f(7) is any nonvanishing holomor-
phic function on the upper half plane H, there is some holomorphic function (Logf)(t)
such that exp((Log f)(t)) = f(t), because H is simply connected. Specifying a single value
(or the limit as T approaches some element of R U {oo}) specifies Log f uniquely. It won’t
necessarily be true that (Logf)(t) = log(f(r)), only that exp((Logf)(7)) = f (7).

Conventions for square roots, when not specified, follow [4, Sects. 2.3, 3.2].

We recall the definition of the Siegel intermediate half-space, as defined in [4].

Definition 1.1 For 0 < k < g, we define the Siegel intermediate half-space of genus g
and index k to be

HP .= (Q € My(C) : @ = Q" and Im() has signature (g — & k)). (1.1)
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The Hék) are the open orbits of the action of Spy, (R) by fractional linear transformations

on the space of complex symmetric matrices. In particular, Héo) is the usual Siegel upper
half-space.

1.2 Indefinite theta and zeta functions

We review the relevant definitions from Kopp [4].

Definition 1.2 For any complex number «, define the function

o 2
E(a) := / e ™ du, (1.2)
0
where the integral runs along any contour from 0 to «.

Definition 1.3 Let Q2 = iM + N be a complex symmetric matrix whose imaginary part
has signature (g — 1, 1); that is, Q € Hél). Define the (nonholomorphic) indefinite theta
function

€2

T
Im(2 1
M e(—nTQn + nTz> s (1.3)

O°L2(g, Q) := Z £ 5

nezs —%CTIm(Q)c e
=C1

where z € C¢, ¢, ¢cp € C¢,¢7'Mc; < 0, and €3 Mcy < 0. The series (1.3) converges
absolutely and uniformly for z € R€ + (K, with K any compact subset of R¢, by [4,
Proposition 3.11].

Nonholomorphic indefinite theta functions were first studied by Vignéras [20,21] and
were rediscovered (in a more explicit form) by Zwegers [24]. Zwegers’ (elliptic modular
indefinite) theta function is defined for real ¢; when (in our notation) N is a scalar multiple
of M. More precisely, if M is real symmetric matrix of signature (g — 1,1), t € H, and
¢, ¢a € RS, then ©V2(Mz, TM) is equal up to an exponential factor to the function
ﬂ;,}’cz(z, 7) introduced by Zwegers in [24, p. 27]. Our theta functions extend Zwegers’
to the Siegel modular setting; a related generalisation has also been recently studied by
Roehrig [8,9]. Recent work of Roehrig and Zwegers also considers more general elliptic
modular indefinite theta series involving spherical functions [10,11].

Definition 1.4 Let Q = iM + N € H‘él) . Define the indefinite theta function with char-
acteristics p, q € RS:

1
O (Q) = e<§qTQq + qu) O (p + Qq, Q). (1.4)

where ¢1, ¢, € C¢,¢1'Mcy < 0,and ¢3 Mcy < 0.

We define the indefinite zeta function using a Mellin transform of the indefinite theta
function with characteristics.

Definition 1.5 Let @ = iM + N € Hg). For Re(s) > 1, the completed indefinite zeta
function is

N

C1,C2 * C1,C2 Sdt
G (s) = | O (L5)
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where p, q € R, and ¢, ¢p € C¢ are parameters satisfying €1'Mc; < 0and ©;' Mcy < 0.

The completed indefinite zeta function has an analytic continuation and satisfies a
functional equation, given as [4, Theorem 1.1] and repeated here.

Theorem 1.6 (Analytic continuation and functional equation for Z\;I‘iQ(Q, s)) The func-

ECI’CZ

tion {pq (2, s) may be analytically continued to an entire function of s € C. It satisfies the

functional equation

Teic g N\ _ e(qu) QL o-1
g“p;qu(Q’ 2 S) o \/mg—q,p (-270s). (1.6)

1.3 Kronecker limit formulas for indefinite zeta functions

The Kronecker limit formula for indefinite zeta functions involves the dilogarithm func-
tion and a rapidly convergent integral of a logarithm of an infinite product. We also require
the following definition of the function «§(v), which is the square root of a rational func-
tion and appears as a factor in the integrand.

Definition 1.7 Suppose @ = iM + N € Hgl), c e C? satisfying €Mc < 0,and v €

C2\{0}. Let AG =Q — mMcc—'—M. Then, we define

c"Mv
k&) = . (1.7)
4riy/=Qu(©Qa(v),[~2iQus (V)

The sign of \/—Qu(c) is defined by Kopp [4, Lemma 3.4 and Definition 3.5], whereas
/—=2iQng (v) is the standard branch of the square root function (where Re (—ZiQ AS, (v)) >

0 because A, € H(zo)).
We now state the main theorem.

Theorem 1.8 (Indefinite Kronecker limit formula at s = 1) Let Q = iM + N € Hgl),
p= (g;) € Rz\Zz, and c1,¢; € C? such that c_jTMcj < 0. For ¢ € {cy, ca}, factor the
quadratic form

Qug (§) = (@€ — TH)E — 77 () (1.8)
where TV (c) is in the upper half-plane and v~ (c) is in the lower half-plane. Then

To8R 1) =TT (e2) — I (e2) — I (e1) + 17 (c), (1.9)
where

I*(c) := — Lig(e(xp1))c& ()

oo
+2i /0 (LOg P11k, ) (ETH(0) + ity (£ ) i, (1.10)

Here (and in the other variants of this theorem to follow), {p1} = p1 — p1] € [0, 1) denotes
the fractional part of p1. The function @p, p, : H — Cis defined by the a product expansion,

(1.11)

1 —e((d + p1)é + p2)
1

Opipr(E) := (1 — e(p1€ + p2)) H — eEEd — p1)§ —pz)’

d=1
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and for 0 < py < 1 its logarithm (Log @, p, ) (§) is the unique continuous branch with the

property
. log(1 — e(pa)) if p1 =0,
l ) _ 112
E—l>r?oo ( 0g €0p1,p2)(5) 0 ifp1 #0. | |

Here log(1 — e(p2)) is the standard principal branch.

In Theorem 1.8, the function (Log ¢y, ,)(§) may be equivalently defined as

(Log (pPI)PZ)(S) = log(1 — e(P1§ + p2))

+ > (log(1 — e((d + p1)& + p2)) — log(1 — e((d — p1)§ — p2))).
d=1
(1.13)

Each logarithm is of the form log(l — z) for |z| < 1, and considering the first Taylor
approximation log(1 — z) = z + O(z2) shows that the series is absolutely convergent and
the function converges rapidly to the limit specified in (1.12) as § — ioco.

The following specialisation of Theorem 1.8 looks somewhat simpler and contains all
of the cases of arithmetic zeta functions Z4 (s) associated with real quadratic fields.

Theorem 1.9 (Indefinite Kronecker limit formula at s = 1, pure imaginary case) Let M
be a 2 x 2 real matrix of signature (1,1), and let Q@ = iM. Let p = (4}) € R*\ Z2, and let
c1, ¢y € R? such that c]TMcj < 0. Then,

Z56%(Q1) = 2iIm(I(c2) — I(c1)), (1.14)
where

I(c) = — Lig(e(p1))x§& ()
o
+2i /0 (LOg Pip11) (7(©) + ity (T ) e (1.15)
Here, Log @yp,),p, and k& are defined as in the statement of Theorem 1.8, and & = t(c) is
the unique root of the quadratic polynomial Q¢ (f ) in the upper half plane.

It is straightforward to use the functional equation for the indefinite zeta function to
rephrase Theorems 1.8 and 1.9 as formulas for Z\SKCZ(Q, 0).

Theorem 1.10 (Indefinite Kronecker limit formula at s = 0) Let Q = iM + N € H(Zl),
q= (Z;) e R2\Z2, and c1, ¢y € C? such that c_jTMcj < 0. For ¢ € {cy, ca}, factor the
quadratic form

Q@;ﬁl (5) = BO)E — 0* () — 0™ (c)), (1.16)

where w™ (c) is in the upper half-plane and w™(c) is in the lower half-plane. Then,

E\&ZCZ(Q» 0) = m T (c2) =T (c2) =T (c1) + T (c1)), (1.17)
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where

JE(e) == — Lize(Fq1)c®S 1 (})

w ey .
+ 2i / (Log ¢(—q1),542) (™ () + it)K%_l(i(“’i(f””)) dt. (1.18)
0

Here, Log ¢ and k are defined as in the statement of Theorem 1.8.

Theorem 1.11 (Indefinite Kronecker limit formula at s = 0, pure imaginary case) Let M
be a 2 x 2 real matrix of signature (1, 1), and let Q = iM. Let q = (Z;) € R?\ 72, and let
c1, ¢ € R2 such that c}—Mcj < 0. Then,

TEre(9,0) = ———— Im(/(ez) — J (1) (119)

Jdet(M)

where

J(©) = — Lis(e(—q1)<% ., (1)

o0 —
npy /O (Log ¢(—q1}—a») (@(€) + it 2E (Wﬁlf) dt. (1.20)

Here, Log ¢ and « are defined as in the statement of Theorem 1.8, and & = w(c) is the
unique root of the quadratic polynomial Q , g (%i ) in the upper half plane.
—_o-1

1.4 Application: indefinite zeta functions, real quadratic fields, and Stark units

The Hecke L-value Lx (1, x) contains arithmetic information that is not well-understood
in general. The abelian Stark conjectures predict that this value is an algebraic number
times a regulator Reg, , which is a determinant of a matrix of linear forms in logarithms
of algebraic units in a particular abelian extension of the number field K [16-19]. This
conjecture is known when the base field K is equal to Q or an imaginary quadratic field,
but not (for instance) when K is a real quadratic field.

The rank 1 abelian Stark conjectures give a partial answer to Hilbert’s 12th Problem,
which asked for explicit generators for the abelian extensions of a number field in terms
of special values of transcendental functions. Computationally, the Stark conjectures are
used to calculate class fields in the computer algebra systems Magma and PARI/GP.

The Stark conjectures are most precisely formulated in the rank 1 case—that is, when
L (s, x) vanishes to order 1 at s = 0. The regulator Reg 4 in that case is a determinant of a
1 x 1 matrix. The rank 1 abelian Stark conjecture is most succinctly written as a statement
about the ray class zeta function (of a ray ideal class A)

£(sA) = k(s A) =Y N(a)™* (1.21)

acA

rather than as a statement about the Hecke L-function

Lic(s, x) = ) x(A)¢ (s A). (1.22)
A

Just as definite zeta functions specialise to ray class zeta functions of imaginary quadratic
fields, indefinite zeta functions specialise to differenced ray class zeta functions of real
quadratic fields. The full details of this specialisation are given in [4, Sect. 7].
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Definition 1.12 (Ray class zeta function) Let K be any number field and ¢ an ideal of the
maximal order Ok. Let S be a subset of the real places of K (i.e. the embeddings K < R).
Let A be a ray ideal class modulo cS, that is, an element of the group

Cles(Ox) = {nonzero fractional idee.lls of(.91.< coprime to ¢} ‘ . (1.23)
{aOk :a =1 (mod ¢) and a is positive at each place in S}

For Re(s) > 1, define the ray class zeta function of A to be
t(sA) ==Y N(a)™ (1.24)
acA
This function has a simple pole at s = 1 with residue independent of A. The pole may be

eliminated by considering the function Z4(s), defined as follows.

Definition 1.13 (Differenced ray class zeta function) Let R be the element of Cl.s(Ok)
defined by

R :={aOk :a= —1 (mod ¢) and a is positive at each place in S}. (1.25)
For Re(s) > 1, define the differenced ray class zeta function of A to be
Z(s) :== (s, A) — ¢ (s, RA). (1.26)

The function Z4(s) extends to a holomorphic function on the whole complex plane. The
rank 1 abelian Stark conjecture says that Z/, (0) is the logarithm of an algebraic unit.

Conjecture 1.14 (Stark [18]) Let K be a real quadratic field and {p1, p2} the real embed-
dings of K. If R is not the identity of Clcoo,(Ox), then Z,(0) = log(p1(e4)) for an algebraic
unit €4 generating the ray class field Lo, corresponding to Cleoo,(Ok). The units are
compatible with the Artin map: sﬁrt(A) = &q4.

The specialisation of the indefinite zeta function to a differenced real quadratic zeta
function is given by the following result, which is [4, Theorem 1.3].

Theorem 1.15 (Specialisation of indefinite zeta function at s = 0) For each ray class
A € Clioo 00, (Ok) and integral ideal b AL, there exists a real symmetric 2 x 2 matrix
M, vectors c1, ¢ € R2, and qce Q? such that

(27N (6))™°T(5)Za(s) = 25}4“2 (iM, ). (1.27)

We may use Theorem 1.15 to compute presumptive Stark units exp(Z/, (0)). Specifically,

Corollary 1.16 Under the specialisation given by Theorem 1.15,

Z}(0) = g4 (M, 0). (1.28)
Proof Take the limit of (1.27) as s — 0. O

As a proof of concept, we give an example of such a (numerical) computation in Sect. 3.

For now, we summarise that calculation.

Example 1.17 For the real quadratic field K = Q(+/3) and for ¢ = 50x, we compute
Z;(0), where [ is the principal ray class of Clc, (Ok). Specifically, Corollary 1.16 gives

Z}(0) :2(;31’361@1\4,0) for s = (3%),a=("{).P=(33), (1.29)
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and any choice of ¢; € R? with Qu(c1) < 0. After optimising choices, Theorem 1.11 is
used to numerically compute

exp(Z;(0)) ~ 3.89086171394307925533764395962, (1.30)

which agrees (to 30 digits) with the root of a particular degree eight polynomial (3.12)
over Ok whose roots are algebraic units in the appropriate class field.

2 Proof of the Kronecker limit formulas
The method of proof is to compute the Fourier series in £ for an indefinite theta function
with respect to an action by a one—parameter unipotent subgroup {T¢ : £ € R} of SLy(R),
where T = (}1) and TS = ( ), then take a Mellin transform and specialise variables.
After taking the Mellin transform, we must allow £ to be a complex parameter and perform
a fairly delicate contour integration. Unlike in the definite case, the Fourier coefficients
of the indefinite theta are not elementary functions, which ultimately leads to a more
complicated Kronecker limit formula.

We fix the following notation for this section. Let c1, ¢, € C? satisfying ¢;'Mc; < 0,
and consider the indefinite theta ®ply? with characteristics p,q € R?, as defined in
Definition 1.4. Lett > 0, Q € H(Zl), and M = Im(2). Write the indefinite theta of tQ as

O tR) = Y piiitym+ @ e(Qaln + @t +p'(n +q)) 2.1)

nez?
= Y pir(+ @)% e(Qatn+ @t +p'(n + ). (22)

neZ?

where
P (V) = 037 (V) = Py (V) @3)
T
pyv) =& _eMv , and (2.4)
J—3c™Mc
() = / T du, (2.5)
0

2.1 Some lemmas about the Siegel upper half-space
The statement of our Kronecker limit formula, Theorem 1.8, involves a matrix A§, in the
Siegel upper half-space H(ZO). Its proof will require a few basic lemmas about H(zo).

Lemma 2.1 Let Q = (w“ w”) € ’H(zo). Then

w12 W22

2
Im<_—1> Im(det9> > <Im<%>) . (2.6)
w11 w11 w11

Proof Express 2 in terms of its real and imaginary parts,

w11 W12 ni1 112 . [ 11 m12
= +1i . (2'7)
w12 W22 n12 n2 mip m

Note that m11 7# 0because my1m3 — m%z = det M > 0,and thusw;; # 0. Byan algebraic

calculation,

-1 det Q 2 mumgy — m?
Im(—) Im( € ) _ <Im(2>> = w (2.8)
w11 011 w11 n11 + m11
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Now, my1may — m%z = det M is positive, and so is ”%1 + m%l. Thus, the inequality (2.6)
holds. O

We will also need the following inequality.

Lemma22 Let @ = (QL02) € H(ZO). The two roots of Qq(f) = 0 are 1 =
—onzydetCi) 7y = —ty/deti=id) ” ;llet(_m). Then, Im(7;) > 0 > Im(1p).

w11

Proof We have Qg(f) = % (a)uz2 + 2w12z + 6()22), and the expressions for the roots
come from the quadratic formula.

For any complex numbers & = a; +iap and 8 = by +iby, (Im(oz,B))2 —Im(a?) Im(B2) =
(a1by — azb1)? > 0. Thus, (Im(eB))? > Im(a?) Im(B2).

In particular, taking « = \/_1711 and 8 = —Vjef(T)_lim (for any choice of /—w11), we

obtain the inequality

. 2 .
(1m<—V det(_lg)» > Im<_—1> 1m<—det(_19)> (2.9)

w11 w11 —w11

= Im<_—1> 1m<det(9)) , (2.10)
w11 w11

Appealing to Lemma 2.1, we see by transitivity that

- 2 2
(Im(—vdewt(_’m» > <Im<%>) , (2.11)
11 11

By subtracting the left-hand side and factoring, this inequality may be rewritten as 0 >

Im(71) Im(72). So Im(71) and Im(t2) are always nonzero real numbers with opposite signs.

—wint+a/det(=iQ)

In the special case Q = (} ?), 7= _wIZ_w— Vlcllet(_m) —iand 1y = w11 = —i
Since Hgo) is connected, we always have Im(7;) > 0 > Im(tp). O

2.2 Some integrals involving £(u)
We will now prove a few integral formulas that we will need.

Lemma 2.3 Suppose that o, B € C satisfy Re(o:2 — 2iﬁ) > 0 and Im(B) > 0. Then, using
the standard branch of the square root function,

/ ” E(t)e(Bt) dt = (2.12)
0

—a
amip/o? — 2if
Moreover, if ay, a9, B € C satisfying Re(a% —2iB) > 0 and Re(ot% —2iB) > 0 (without
any constraint on Im(B8)), and a1 /ay is not a negative real number, then

e (5(05 tl/Z) _ 5(0[ tl/Z)) e(ﬂt) dt — —0 4 o1 ‘
/0 2 1 4m’ﬂ\/om 4riB,/al — 2ip

(2.13)

Proof We will first prove (2.12). As t — oo,

at1/?

E(at?) = / e dy << la| £1/2 max{l, e " Re(“z)t}, and (2.14)
0
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e(Bt) = TPt << T IMB) o4 (2.15)

Et®)e(Bt) << |a| t/? max{eih Im(f)t o—7 Re("‘zfziﬁ)t} . (2.16)

Thus, given the assumptions on the domains of « and S, the integral (2.12) converges, as
do the expressions in following integration by parts calculation:

/ Satl/z)e(ﬂt 27[ ﬁ/ 1/2 d(ec(iﬁt)) (217)
= _ﬂ (6(at1/2 e(Bt)|,—, /Ooo et 7t ® -12¢(B1) dt)
(2.18)
= 4;‘;3 ” exp(— (ma® —27ip) t) t'/? % (2.19)
—a u V2 gy
~ 4rnip /;exp(—u) (na2 - 2m’f5> u (2.20)

= - / el (2.21)
473/2iBJa? — 2iB Jc u
where the contour C is a ray from the origin through the point «? — 2if. If z € C with

x = Re(z) > 0,s € C with 0 = Re(s) > 0, and [z}, z2] denotes the oriented line segment
from z; to z5, then

d d d
lim ey ™~ lim ( / ety 2y f et —“) (2.22)
N—o0 Jio,Nz] u N—o00 \ J[0,Nx] u [Nx,Nz) u
d
—T(s)+ lim ety (2.23)
N—o00 [Nx,Nz) u
—T'(s) + lim o(e—N"N") (2.24)
N—oo
—T(s). (2.25)

Thus, in particular, [ e “u"/? % = 1'(1) = 7'/2. Plugging this into (2.21) gives (2.12).

We now prove (2.13). If ¢ = 0 or ap = 0, then (2.13) follows immediately from (2.12);
now assume both are nonzero. Let g be the closest point on the line [«1, «2] to the origin
in the complex plane; since o1 /a3 is not a negative real number, ap # 0. As t — o0,

E(aat'?) — E(a1t'/?) = / e dy << lag| £1/2

[ £1/2,a01/2)
max[e ”Re(al) e Re(@3 )t] and (2.26)
e(Bt) = 2Tt < T ImB) g4 (2.27)
(5(a2t1/2) _ 5(a1t1/2)) e(Bt) << |ao| £Y/2 max{e‘” Re(af—2if)t o~ Re(a%—Ziﬂ)t}'

(2.28)

Thus, the integral on the left-hand side of (2.13) converges. The equality with the right-
hand side holds for Im(8) > 0 by (2.12) and in general by analytic continuation. ]

As usual, let M = Im(£2). Define the following auxiliary function, which will be related
to the factor «§(v) appearing in the integral in the indefinite Kronecker limit formula.
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Definition 2.4 Forv € C2 and s € C, set

c * c 1/2 s dt
kv, 8) == — | O (vt )e(QQ(v)t) t = (2.29)
Also, set
C1,C2 > C1,C2 1/2 s dt
kg (v, 8) == — A osr 2 (ve'?) e(Qa(v)e) ¢ ~ (2.30)

When the integral in (2.29) converges, kg (v, 5) = kG (v, 5) — k& (V, ).

Recall that in Definition 1.7, for ¢ € {cy, c3}, we defined

5) < Mv (2.31)
KQ V)= . .

4 i/ —Qu(€)Qq(v),/—2iQng (V)
Here A, = Q — QA;(C)MCCTM € H(QO) by Kopp [4, Lemma 3.6]. We will also define

the function 5" (v) := kG (v) — kg (v). These notations are justified by the following

corollary.
Corollary 2.5 Forv # 0, k5" (v, 1) = k5" (v).

' Mv

Proof Follows from Lemrrlla 2.3 [particularly from (2.13)] by taking oj = \/—IT(C,) and
B = Qq(v). Specifically, pXj[(vtl/z)e(QQ(v)t) = E(ajtl/z)e(,Bt), and it is straightforward to
check that ozjz —2if = —2iQAg (v), and thus Mlﬂ“ﬂ = /cg (v). O

The following lemma will be needed to evaluate certain integrals.

Lemma 2.6 For any nonzero real number «,

o dt
/ oy (voztl/z) e(QQ(V)Oth) £ S =" S’il'(z(:)/cg’cz (v, s). (2.32)
0
Proof Follows from the definition of k5" (v, s). o

2.3 Fourier series of a unipotent transform of an indefinite theta function
Consider the function of § € R (although & will be allowed to be complex later on) and

t € RZO!
—& =3
e, t) = @(TTE)CTlI;;;; (t (%) @T* ) (2.33)
=Y pg((Thn+ q) £'7?) e(QQ(Té n+q)t+p (Tén+ q)) . (2.34)
neZ?

Write this function as a Fourier series,

e 6= ) br(t)e(ks). (2.35)

k=—o0

We are ultimately interested in the Mellin transform of this function,

~T~¢¢;, T %¢ T o0 s dt
§(TTE)T;§7§: (%) art,s) = /0 e, o = (2.36)

24
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= Y Blse(ke), (2.37)
k=—00
where, as we will show,

o0 d
Bi(s) := / br ()t “ (2.38)

o ¢

Express @ = (8348 ),n = (), p = (), a = (). Write

WE =Y hu(Et)=ho& 1) +h(E, ) (2.39)

where /;(&, t) is the sum over the terms of (2.34) with n; = j, and Z(E, t) is the sum over
all the terms where ny # 0. Write the Fourier series of 4(§, t) as

[e¢]
hE ) =) br(t)e(ke). (2.40)
k=—00
At this point, we make some further restrictions on the characteristics p and q. As we
are trying to prove Theorem 1.8, we may assume that q = 0,s0 g1 = g2 = 0. Additionally,

the identity E;};ZZO(Q, s) = ’;\;BCZ(Q, 5) holds for any a € 72, so we may assume without

loss of generality that 0 < p; < 1; thatis, p1 = {p1}.
First, calculate 4o (&, £):

o0

1
ho(E,t) = Z p;sz(mf)l/z ) e(ia)nl’l%t +p1n1> . (2.41)

np=—o0

The n; = 0 term of this sum vanishes.
We write, for ny # 0,

1
/0 Iy (&, £)e(—KE) dE

1 o0
= /0 Z pf\,}’cz((”lz’zg ) t1/2) e(QQ (mJnr;qzs ) P pT( "IJVTZHZS )) e(—kE) dE

(2.42)
ny—1 00
= 2 [ ) e(Qa () £ BT (1)) el k)
n1=0 -
(2.43)
ny—1 00
_ LC2 ((mE | $1/2 nak T (mé _ _n
S [ a2
(2.44)
7l n o0
= Z(—l) [ o) mae ) e(Qa (§) e+ 07 (§) ma) e(—ke) .
n1=0 -

(2.45)
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np—1
kn
The exponential sum E e<—1 evaluates to |ny| if 13|k, and to 0 otherwise. Thus, for
1

}’11:0

all k € Z (including k = 0),

1 ~
/0 e, £)e(—kE) de

=l / P ((5) mat'?)e(Qa(§) e+ 07 (5) m) e(—ke) di. (246)

nalk

Our convention here is that a sum over ny|k ranges over both positive and negative ns,
and over all integers when k = 0.

2.4 Shifting the contour vertically

Fix a positive real number A to be specified later. Let CT (C™) be the contour consisting
of the horizontal line Im(z) = A (Im(z) = —A), oriented towards the right half-plane.
For each di,dy € Z, dy # 0, let C(d1,d>) be Ct if didy < 0ord; = 0and dy > 0; let
C(d1, d2) be C™ ifd1dy > 0 ordi = 0 and dy < 0. The integrands in (2.46) approach zero
as Re(§) — £o00, so we may rewrite this formula using contour integrals

1 ~
/O e, t)e(—ke) di

_ Z|n2|/c(k,n2) pﬁ’CZ((ﬁ)nzt%)e(QQ(§)n§t+pT(§)n2) e(—kE) dE. (2.47)

nalk

2.5 Taking Mellin transforms term-by-term
To calculate the Mellin transform of (&, £), we need to check absolute convergence to
justify reversing the order of summation/integration.

Proposition 2.7 Ifo = Re(s) > %, then

[z

np=—00

1 dt
p§21'°2<n16”2) e(iwun%t +p1n1>‘ t7 — < oo (2.48)

Proof We bound the integral as follows.

* 1,6 el 1 2 . dt
Z oy (”1 ) e| monunit+pin )| t° — (2.49)
0 0 2 t
n1j=—0o0
oo X °
1 t dt
s 1/2
= /0 Z psc_zl CZ(tO )e(ia)nt)‘ (n_%) 7 (2.50)
np=—0o0
Sl 00
. 1 dt
= ( Z |ny| 2 ) (/ o (flo/z)e(iwut) I 7) (2.51)
np=—o 0
< . (2.52)

The sum converges foro > %, and the integral converges for o > 0 (because the integrand
approaches a constant at ¢ — 0 and decays exponentially as t — 00). O
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Therefore, we can switch the sum and the integral. Using Lemma 2.6 and dropping the
subscript on 1,

[ ot o ? _ oy sl ey (2.5
0 neznjoy
— (Ligs(e(p1)) — Lias(e(=p1)) k5" ((§)5) - (2.54)

Next, we are going to calculate the Mellin transform of Z(&, t). We need an absolute
convergence result to justify our calculation here, too.

Proposition 2.8 Suppose o = Re(s) > % Then,

dt
> [ / P (§) me ) e(Qa(§) me +07 (§) m) el—ke) | T
keZ 1’12|k
nz#o
< o0. (2.55)
Proof Let
/ / P2 ((£) ) e(Qa($) )] 2 de Y < oo, (2.56)
c+ 1 t
Set K := max{K*, K~}. We have
dt
D / / A ((5) mar ) e(Qa (§) e + 07 (8) ma) e(—ke) ¢ | e
keZ Vl2|k
Vlzyéo
-y Y / / P ((5) mt' ) e(Qa (6) o) e e %ae 257)
keZ ng\k t
nz#o
oy A PN GE RCOEIE (t) s
keZ mlk "
1270
(2.58)
KDY e (2.59)
keZ nz\k
nz;&éo
=K Z Z —2ﬂA|d1d2|d2—20 (260)
d1 €7 dy eZ\{0}
< . (2.61)
The proposition is proved. |

Now we may justify taking the Mellin transform of the Fourier series term-by-term. It
follows from Proposition 2.8 that

E(Zj)ﬁ;ﬁ’*z ((1%) @1t / h, t)ts Z Bi(s)e(kE), (2:62)
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o0 G dt ~ O~ o odt
where B (s) := br(t)t et Define Bi(s) := b (t)t 7; then,
0 0

o5y = | = Wins(elon) = Linsle-p) e (8),5) + Boto) itk =0, )

Br(s) if k # 0. ’

Proposition 2.8 also implies that we can switch the order of integration to compute
- [} 1_ d

Ao = [ [ e oe-ke) as e .69

= Z |ﬂ2|/ "2P (5) - kf) (— sgn(ma) lma| > k" 2((%),5)) dé

nalk

(2.65)
- Z sgn (i) e(na(p1& + o) — k€)% (%), 5) de. (2.66)

ralk |”12|25_1 C(nk2 2)

2.6 Series manipulations
In this subsection, we set £ = 0 in (2.62). We will manipulate the right-hand side of this
equation to prove Theorem 1.8. First of all, we have

6 (2s) =Y Bils) (2.67)

— (Lias(e(p1)) — Lins(e(—p)) k" ((§),5) + Y Bils).  (268)

k=—00

We will rewrite the sum of the Ek( ) using the substitution (d;, d2) = ( > n3). The follow-
ing manipulation is legal by Proposition 2.8.

Y A=Y Y sgnzfzi e(ma(pié +p2) — kE)kS((5),5) d (2.69)
k=—oco keZ n;éko 2 C(nz”“)

(ds)
=X T [, it ) it () ) e

d1 €7 dr€7)\ {0} |d2
(2.70)
Split up the series into four pieces.

S R=-Y Y S jc e(—(dr — p)dag) kG ((5) 5) de
k=—00

d1>0d>>0 ‘d2|

d:
ey 22’32)1 el — o) e (5),5) de

d1>0d2<0 |d2

d
I 252)1 el = pd)(4).5) e

d1<0dy>0 |d2

e(d
DD 22’?2)1 Ce(—(di — pr)da®) kG ((5),5) € (271)

d1<0dy<0 |d2

e(d
=Y - ifz)l elldr — pr)asg) k(). ) de

d1>0d>>0 ‘dz
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d
Py i’fz)l el — p)d) (). )

d1>0dy<0 ’dz

e(d
DI %i el — ) k(5 ) e

d1<0dy>0 |d2

d
D3OI 252)1 el —podt) (). de - @272)

d1<0dy<0 |d2

e(d
--X X mﬁﬂmmwwwwmﬁ

d1>0dy>0

e(d
‘szﬁ/<%WMwmﬁMa

d1>0dy>0
_d C1,C2
£ S CE) oy 4 o)k () 5) de. (273)
d1>0dy>0 d2 cr

Now, move the contour integral outside the sums, and rewrite the series as

D B

k=—00
(P2 +PE” e 75" o
-/ (Zpd’” ()9 = 3 PRI (), 9)
C+ \ >0 dy=0 2
+ YN e ((—e((d1—p1)$+p2) +e((d1 + p1)& — p2)* ) k& ((F),s)
d1>0d,>0 2
+ (el = p0E = p2)® — el(d +p0E + 2" ) ((5).9)) ) dt. (2.74)

Setting s = 1 and using Corollary 2.5, and evaluating the sums over ds using the power
series for the logarithm, we obtain

> B
k=—o00
:/c+( log(1 = e(=p2 + P& () +log(l — ez + pENKG ()

+ Z (log (1 — e((d1 — p1)§ + p2)) — log(1 — e((d1 + p1)§ — p2))) ()
di=1

+ (—log(1 — e((d1 — p1)€ — p2)) + log(1 — e((d1 + p1)€ + p2))) k&)’ CZ(ﬁ))) d&.
(2.75)

We want to write this sum of logarithms as a logarithm of a product, but there is the issue
of the choice of branch. In order to make a clear choice, let

e((d + p1)é + p2)
—e((d — p1)§ — p2)

for & € H. This is a function on the upper half-plane which is never zero, and the upper

Pprpa(€) 1= (1 — e(prf +p2))1"[ (2.76)

half-plane is simply connected, so it has a choice of continuous logarithm. The product
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in (2.76) is absolutely and uniformly continuous as § — ioco, and each term approaches 1
in that limit (because d + p; > 0O and d — p; > 0). So

. 1 —e(p2) ifp1 =0,
| = 2.77
£, P () { 1 if p1 0. 277)
Let (Log ¢p,,», ) (€) be the branch such that
. log(l - e(pz)) ifpl =0,
1 L = 2.78
Jim_ (Log ¢pur) 6) { 0 if p1 # 0. (278)

Here log(1 — e(p2)) is the standard principal branch. (Note that po # 0if p; = 0.) Thus,

> Ek(l)zf (= (Log @py,—ps ) (€) - k5" () + (Log gpup ) (6) - k5 (1)) dE.
k= —o0 C+

(2.79)

Adding back the other piece of By(1) into ?;16”(9, 1) = Z:ioo Br (1), we obtain

E;BCZ(Q, 1) (L12(e(p1)) —_ le(e(_pl Cl (:2( )
—&

/ ( (Log (/’pl,—pz)(%_) Cl € ( ) (Log @ pz)(i‘_ PRt cz( ))
c+
(2.80)

2.7 Collapsing the contour onto the branch cuts

We could declare ourselves done at this point. Equation (2.80) is a formula for Cpl 2(Q, 1),
as we desired, and it appears very difficult to evaluate or simplify the contour integral in
any way. However, (2.80) is not a useful formula for computation because the integral
converges slowly. The integrand decays polynomially as § — o0 along the horizontal
contour C™.

We will obtain a Kronecker limit formula with rapid convergence by shifting the contour
so that the integrand decays exponentially. In doing so, we will also split up the formula as
a difference of a c;-piece and a cz-piece. The movement of the contour is shown in Fig. 1.

Let AS = Q — mMCCTM for ¢ € {cj, ¢y}, as previously in Definition 1.7 and
Corollary 2.5. Factor the quadratic polynomial Q¢ (i ) ing,

Qag (§) = a(0)E — 11(0)(E — ra(0)). (2.81)

Since A§, € Héo) by Kopp [4, Lemma 3.6], we know by Lemma 2.2 that we may choose
71(c) to be in the upper half-plane and t2(c) in the lower half-plane.

The complex function & +— KQ( ) has branch cuts along the vertical ray from 7;(c) to
ioco and the vertical ray from 73(c) to —ico. We check that this function is holomorphic
away from these branch cuts. Since KQ( ) has simple poles at the roots & = ry, rp of
QQ( H ) = 0, we must check that the residues at the poles cancel when taking the difference

Kg,cz(%) — Kg(i‘) — K;'zl("i) We have

c'M(§)

> (2.82)
27iQa(§) /(€M (§))” - 2iQu(€)Qal(§)

=1 -
e a(i) = Jim 6 =)
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11(C2) > 11(C2)
I I
[ ) L]
Y
A
7y(c1) L T1(c1)
+
c > > > >
.r2 .rz
T(c2)
L4 f 01 (C2 ° n
A
| | T1(C1)
o/
.r2 .rz
Fig. 1 The contour C* is moved above the poles of k§ (f) then collapsed onto branch cuts

. M (§)
= lim >
ST i (8 — r2)\/(CTM ()" — 2iQu(c)Qa(f)
1

=—, (2.84)
wiw1(r1 —12)

(2.83)

1

———— . Theseresidues do not depend on ¢, so they cancel,
miwy1(ra—r1)

and similarly, Er_ejzlcgz ( % ) =
and kg’ ( . ) is holomorphic at r; and ry.

Move the contours of integration above the zeros of Qg (if )- Now we may safely split
up the integral into a term for ¢; and a term for c;. (See Fig. 1.)

Now we retract each integral onto the corresponding branch cut, as shown in Fig. 1.
As & = 1% + g and ¢ — 0, the denominator of the integrand blows up like £1/2, so
the integral converges. The integrand changes sign when we cross the branch cut. Thus,

(2.80) becomes

TR 1) =TT (e2) — I (c2) — I (1) + 17 (), (2.85)
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where

I*(c) := — Lis(e(xp1)kg (1)

o
. . + .
+2i /0 (LOg @py ) (£T*(€) + it)ic§ (ﬂt(r <1°>+”)) dt. (2.86)

We have now proven Theorem 1.8. Theorem 1.9 follows by specialising the variables,
setting = iM and restricting to cj, ¢ € RS, Theorems 1.10 and 1.11 both follow by
application of the functional equation (Theorem 1.6).

3 Example
We conclude with an example to show how to use the Kronecker limit formula for indef-
inite zeta functions to compute Stark units. This example was introduced in [4, Sect. 7.1].
Let K = Q(+v/3), so Ox = Z[+/3], and let ¢ = 50. The ray class group Clcoo, (Og) =
7./8Z. The fundamental unit & = 24 /3 is totally positive: g’ = 1. It has order 3 modulo
5:63 =26 4+ 154/3 = 1 (mod 5). In this section, we use the Kronecker limit formula for
indefinite zeta functions to compute Z;(0), where I is the principal ray class of Clcsc, (Ok).
Let M = ( ) q= (1/ 5) and ¢; € R? any column vector with the property that
c—{Mcl < 0,such as ¢; = (1 ) By Corollary 1.16 and the discussion in [4, Sect. 7.1], we
have

4@»4UPWQm (3.1)

where Q@ = iM and P = (23).
Now we want to use Theorem 1.11 to compute the right-hand side of (3.1). If we
try to do so directly, we obtain P* = (2¢%2), PPc; = (%), QP%; = 6i( ), and

Y 15 26
A??;_Cll = —i (5% 6%293) The root of Q Grde (1) in the upper half-plane (equivalently,
,Q 1
the branch point of KQSI; “¥(§) in the upper half-plane) is £ = %ggi‘/g, which is very

log(10)N ~ .
72/3/2053 857.5N terms in

the product expansion of ¢{_4,},—¢, (€) to compute Z;(0) to N decimal places of accuracy.

close to the real axis. That means we’d need to use about

We technically have exponential decay, but it is not very useful.

It is much more practical to break up the zeta function into pieces. We can also improve
the rate of convergence by choosing ¢; optimally; here, we will use ¢ = ( _11 ) in place of
c1 = (9). We have

Zj0) = G54 “(@,0) (32)

= TOPO(R,0) + 25SURQ, 0) + a7 (22, 0) (3.3)

= Corg (2,0) +Z5(8, 0) + L5 (22, 0), (3.4)

where q = % ( ) ' = % ( ) and q” (?L) are obtained from the residues of the global
units €°, &1, &2 modulo 5.

Qe (£) — —3/6(5—1) QPc (£) _ 3V6(6+1)

Now, we have ¢, (7) PR e and <8¢ (%) SRR e

with branch points in the upper half-plane at § = % and £ = #, respectively.

We thus need to use about 1;5%)/2[ ~ 1.269N terms in the product expansion of each of

the functions ¢(_4,),— ¢, (£), Pl—q)—q), (&), and q){_qi/},_qxz/(é) to compute Z;(0) to N decimal
places of accuracy by this method. For q, q/, q”, we computed the corresponding values of
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the integrals J (c), J'(c), /"' (c) and J (Pc), J'(Pc), J” (Pc) given by (1.20). The computation was
performed in Mathematica using numerical integral of the first 40 terms of the product
expansion of each ¢. For the differences of the two integrals, we obtain

J(Pc) —J(c) = —0.05923843917544488329354507987

+ 3.65687839020311786132893850239;, (3.5)
J'(Pc) — J'(c) ~ —1.33733021085943469210685014899

+ 0.52477812529424663387556899167i, and (3.6)
J"(Pc) —]"(c) ~ 2.64057587271922212456484190607

+ 0.52477812529424663387556899167i. (3.7)

For the ray class zeta value, we thus calculate using Theorem 1.11 that

Z1(0) = T5ac(%2,0) + ot (R 0) + L5 t(2,0) (3.8)
- \/ﬁ Im((Pe) - () + J%U/(Pc) i)

+ J%U//(Pc) 7" (3.9)

_ % Im(J(Pc) — J(c) +7'(P) — J'(c) + ] (Pe) — J"(0)) (3.10)

~ 1.35863065339220816259511308230. (3.11)

This agrees (to 30 decimal digits) with the computations described in [4, Sect. 7.1]. The
conjectural Stark unit is exp(Z;(0)) ~ 3.89086171394307925533764395962. This number
appears to be the root of the polynomial

28 — (8 + 5v/3)x” + (53 4 30+/3)x® — (156 + 90+/3)x° + (225 + 130v/3)x*
— (156 4 90+/3)x% + (53 + 30+/3)x% — (8 + 5+v/3)x + 1, (3.12)

which we have verified lies in the appropriate class field.
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