
Math 453: Problem Set 8
Due at 11:59pm on Wednesday, March 9, 2022

If others would but reflect on mathematical truths as deeply and as continuously as I have, they
would make my discoveries. –Carl Friedrich Gauss

On this problem set, Problem 1 is worth 6 points, and Problem 5 is worth 9 points. The other
problems are worth 5 points, as usual.

(1) (This problem is also Problem 7 in Chapter 11 of the textbook.) In the group Z24, consider
the subgroups H = 〈4〉 and N = 〈6〉.
(a) [1 point] List the elements in HN (which would usually be written as H +N because

Z24 is an additive group).
(b) [1 point] List the elements of H ∩N .
(c) [1 point] List the elements in HN/N . (Each element is a coset of N in HN .)
(d) [1 point] List the elements in H/(H ∩N).
(e) [2 points] Write down the correspondence between the elements of HN/N and the

elements of H/(H ∩N) described in the proof of the Second Isomorphism Theorem.
(2) A group G with |G| > 1 is defined to be simple if it has no proper nontrivial normal sub-

groups, that is, if the only normal subgroups of G are the trivial group {e} and the group
G itself. The trivial group is not considered to be a simple group.
(a) [2 points] Show that Zn is simple if and only if n is a prime number.
(b) [3 points] Let G be a simple group, H any group, and φ : G → H a homomorphism.

Prove that either φ is one-to-one, or else φ(G) = {e} (where e is the identity of H).
(3) Let G be a group, H a subgroup of G, and K a subgroup of H .

(a) [3 points] Prove that, if H is normal in G and K is characteristic in H , then K is nor-
mal in G. (Recall that characteristic subgroups were defined on Problem Set 7.)

(b) [2 points] Give an example to show that part (a) would not be true if the word “char-
acteristic” were replaced by the word “normal.”

(4) (This problem is also Problem 16 in Chapter 11 of the textbook.) If H and K are normal
subgroups of G and H ∩K = {e}, prove that G is isomorphic to a subgroup of the direct
product group (G/H)× (G/K).

(5) Let G be a group. As on Problem Set 6, consider the automorphism group

Aut(G) = {φ : G→ G : φ is an isomorphism}.
For each g ∈ G, define the function ig : G→ G by ig(h) = ghg−1. Define the set

Inn(G) = {ig : g ∈ G}.
(a) [2 points] For all g ∈ G, prove that ig ∈ Aut(G).
(b) [2 points] Prove that Inn(G) is a subgroup of Aut(G). (This subgroup is called the

inner automorphism group.)
(c) [5 points] Recall that the center of G is defined by

Z(G) = {z ∈ G : (∀ g ∈ G) gz = zg}.
Construct and prove an isomorphism G/Z(G) ' Inn(G).


