
Mini-Workshop 3: Permutation groups
Friday, February 4, 2022

Recall that a permutation group is any subgroup of the symmetric group Sn.
The following exercises can be done by hand. Work on these exercises and discuss them with

your neighbors.
Core Exercises

(1) Simplify the following elements of S5, writing each as a product (composition) of disjoint
cycles.
(a) (1 2 3)(3 4 5)
(b) (1 2 3 4)(2 3 5)
(c) (1 2 3)−1

(d) (1 2 3)(1 2 3 4 5)(1 2 3)−1

(2) Write (1 2 3 4 5) ∈ S5 as a product of transpositions.
(3) Let D4 be the group of symmetries of a square (including rotations and reflections).

(a) Describe D4 as a permutation group, specifically, as a subgroup of S4. (You may either
write down every element or write down a generating set.)

(b) In terms of your description from (a), which elements of D4 are even, and which are
odd?

Bonus Exercises
(4) Let G be the group of rotations of a cube in 3-dimensional space.

(a) By thinking about the vertices of the cube, express G as a subgroup of S8. Show that
G has 24 elements.

(b) By thinking about the faces of the cube, express G as a subgroup of S6.
(c) Prove that, in fact, G has the same group structure as S4. (Hint: This may be seen

geometrically, but it’s tricky—what does a cube have four of?)
(5) A derangement is a permutation with no fixed points. In other words, σ ∈ Sn is a derange-

ment if and only if σ(a) ̸= a for all a ∈ {1, 2, . . . , n}.
(a) What sort of cycle decompositions do derangements in S5 have? In Sn?
(b) How many derangements are there in S5?
(c) Let δ(n) be the number of derangements in Sn. Find a formula for δ(n). (Hint: Con-

sider permutations with at least k fixed points, for each values of k with 0 ≤ k ≤ n,
and use the inclusion-exclusion principal.)

(d) Using (c), prove that

lim
n→∞

δ(n)

n!
=

1

e
= 0.367879 . . . .

Thus, for n sufficiently large, a random permutation in Sn has about a 37% chance of
being a derangement.


