
Math 453: Problem Set 6
Due at 11:59pm on Wednesday, February 23, 2022

What is now proved was once only imagined. –William Blake

On this problem set, Problem 4 is worth 15 points. The other problems are worth 5 points, as
usual.

(1) Recall that, for groups G and H , the relation G ≃ H (pronounced “G is isomorphic to
H”) means that there exists an isomorphism f : G → H . Prove that ≃ is an equivalence
relation.

(2) Recall that Cayley’s Theorem says that any group G is isomorphic to a subgroup of SG, or
S|G| if G is finite.
(a) [3 points] Prove that, if p is prime, n ∈ N, and Zp is isomorphic to a subgroup of Sn,

then n ≥ p. (In other words, Cayley’s Theorem is optimal in this case—it gives an
embedding into the smallest possible symmetric group.)

(b) [2 points] Show that Z6 is isomorphic to a subgroup of S5. (So Cayley’s Theorem is
not optimal for Z6.)

(3) Prove that there are exactly two groups of order 6, up to isomorphism. (Hint: Lagrange’s
Theorem provides a restriction on the size of subgroups, and thus on the order of elements,
that should be helpful in narrowing down the possibilities.)

(4) Let G be a group. The automorphism group is defined to be

Aut(G) = {ϕ : G → G : ϕ is an isomorphism},
with the operation being composition.
(a) [3 points] Prove that, if G is a group, then Aut(G) is a group.
(b) [3 points] Prove that Aut(Z) ≃ Z2.
(c) [4 points] Let n ∈ N. Prove that Aut(Zn) ≃ U(n).
(d) [5 points] Define the general linear group of the integers in dimension 2 by

GL2(Z) =
{(

a b
c d

)
: a, b, c, d ∈ Z and ad− bc = ±1

}
.

Prove that Aut(Z× Z) ≃ GL2(Z).


