
Math 453: Problem Set 4
Due at 11:00am on Wednesday, February 9, 2022

Algebra is but written geometry and geometry is but figured algebra. –Sophie Germain

(1) Consider S3 = {id, (1 2 3), (1 3 2), (1 2), (1 3), (2 3)} as a subgroup of S4. Write out the
left cosets of S3 explicitly, as sets of permutations in cycle notation. Do the same for the
right cosets of S3.

(2) (This is Exercise 37 in Chapter 5.) Let r and s be the elements of Dn described in Theo-
rem 5.21, and let k ∈ N.
(a) [2 points] Prove that srs = r−1 in Dn.
(b) [1 point] Prove that rks = sr−k in Dn.
(c) [2 points] Prove that the order of rk in Dn is n

gcd(k,n)
.

(3) (This is Exercise 11 in Chapter 6.) Let H be a subgroup of a group G, and suppose that
g1, g2 ∈ G. Prove that the following conditions are equivalent.
(a) g1H = g2H .
(b) Hg−1

1 = Hg−1
2 .

(c) g1H ⊆ g2H .
(d) g2 ∈ g1H .
(e) g−1

1 g2 ∈ H .
(4) (This is Exercise 12 in Chapter 6.) Let G be a group and H a subgroup of G. The sub-

group H is a normal subgroup of G if ghg−1 ∈ H for all g ∈ G and h ∈ H . If H
is a normal subgroup, prove that the right cosets are identical to the left cosets—that is,
gH = Hg for all g ∈ G.

(5) Consider the group of rigid motions of a cube, which Theorem 5.27 in the textbooks shows
to be S4. As in Problem (1), consider S3 as a subgroup of S4. Draw pictures of the six
rigid motions of a cube corresponding the elements of S3. Find and draw an equilateral
triangle inscribed in the cube for which this copy of S3 is the symmetry group.

(6) For 1 ≤ n ≤ 7, use Sage to find the number of subgroups of Sn. Make a table of your
findings. (The method G.subgroups() gives a list of all the subgroups of a group G.)


