
Workshop 2: Cyclic and non-cyclic groups
Friday, January 27, 2022

Recall from lecture and the textbook that a cyclic group is a group with a single generator. Every
cyclic group is abelian, but not every abelian group is cyclic. In this workshop, we will play around
with different families of abelian groups to investigate when they are cyclic.

Most of these exercises can be done by hand. Exercise (9) is most easily done with a computer,
and a computer may also be helpful on exercises (6) and (7).

Now, work on these exercises and discuss them with your neighbors.
Core Exercises

(1) Let G1 and G2 be groups with group operations written multiplicatively. Define the direct
product to be the set of ordered pairs

G1 ×G2 = {(g1, g2) : g1 ∈ G1, g2 ∈ G2},
and define the binary operation (g1, g2)(h1, h2) = (g1h1, g2h2) on G1 × G2. Prove that
G1 ×G2 is a group with this operation.

(2) Is Z2 ×Z2 cyclic? Why or why not? (For natural numbers m and n, the group operation on
Zm × Zn is written additively.)

(3) Is Z2 × Z3 cyclic? Why or why not?
(4) Let m and n be natural numbers. Investigate whether Zm × Zn is cyclic for various values

of m and n, and make a conjecture about when it cyclic and when it isn’t.
(5) Try to prove your conjecture from (4). (If you are having difficulty coming up with a proof,

move on and come back to this later.)
(6) Show that the groups U(3), U(9), and U(27) are cyclic. Additionally, for each of these

groups, find the set of all cyclic generators of that group. In other words, enumerate the
elements of the set

Gen(U(3k)) = {u ∈ U(3k) : ⟨u⟩ = U(3k)}.
for k ∈ {1, 2, 3}.

(7) Based on your answer to (5), make a conjecture giving a simple description of the set
Gen(U(3k)) for each natural number k. If you’re not sure, it may help to calculate Gen(U(81))
as well.

Bonus Exercises
(8) Prove your conjecture from (6), and conclude that U(3k) is cyclic.
(9) For integers n with 1 ≤ n ≤ 100, determine whether or not U(n) is cyclic. You may want

to use Sage (or another programming language or computer algebra system).
(10) Make a conjecture about when U(n) is cyclic and when it is not. Prove as many cases of

your conjecture as you can.


