
Math 453: Problem Set 3
Due at 11:00am on Wednesday, February 2, 2022

Solving a problem for which you know there’s an answer is like climbing a mountain with a guide,
along a trail someone else has laid. In mathematics, the truth is somewhere out there in a place no
one knows, beyond all the beaten paths. And it’s not always at the top of the mountain. It might be

in a crack on the smoothest cliff or somewhere deep in the valley. –Yoko Ogawa

(1) Let G be a group, with the group operation written multiplicatively, and let S be any sub-
set of G. (Here, S need not be a subgroup.) The centralizer of S in G is

CG(S) = {g ∈ G : gs = sg for all s ∈ S}.
Prove that CG(S) is a subgroup of G.

(2) For a group G (with the group operation written multiplicatively), the center is defined as

Z(G) = {g ∈ G : gh = hg for all h ∈ G}.
Consider the 2× 2 real general linear group

GL2(R) =
{(

a b
c d

)
: a, b, c, d ∈ R and ad− bc 6= 0

}
.

What is Z(GL2(R))? Prove your answer.
(3) Recall the quaternion group Q8 (described in Example 3.15 in the textbook and considered

in Problem 5 of Problem Set 2). Find all subgroups of the quaternion group, and draw a
diagram showing which subgroups are contained in which other subgroups. (Remember
that the whole group Q8 and the trivial group {1} are both subgroups.)

(4) Let G be an abelian group (with the group operation written multiplicatively). Let a, b be
positive integers such that gcd(a, b) = 1. Suppose that G contains an element x of or-
der a and an element y of order b. Prove that the order of xy is ab. (Hint: If n is the order
of xy, show that n|ab and ab|n. The latter can be done by first showing that a|n and b|n,
then using Problem Set 2, Problem 1. Proposition 4.12 in the textbook and Problem Set 1,
Problem 3 are both useful here.)

(5) Consider the rational numbers Q as a group with addition. Prove that every finitely gener-
ated subgroup of Q is cyclic. That is, if a1

b1
, a2
b2
, · · · an

bn
are rational numbers (with aj, bj ∈ Z,

bj 6= 0), show that there exists some rational number c
d

such that〈 c
d

〉
=

〈
a1
b1
,
a2
b2
, · · · , an

bn

〉
.

(Hint: It is sufficient to prove that the right-hand side is a subgroup of a cyclic group and
use Theorem 4.10 in the textbook.)

(6) Parts (a) and (b) are unrelated to one another in this problem. Part (a) is worth 3 points,
and part (b) is worth 2 points.
(a) Show that the word “abelian” was necessary in question (4), by giving an example of

a non-abelian group G and elements x, y ∈ G such that, if a is the order x and b is the
order of y, then gcd(a, b) = 1 but the order of xy is not ab.

(b) Consider the real numbers R as a group with addition. Explain why the subgroup
H = {a + b

√
2 : a, b ∈ Z} of R is not cyclic. (You may assume the fact that

√
2

is irrational.)


